Abstract. We give a few simple methods to geometically describe some polygon and chain spaces in R d . They are strong enough to give tables of m-gons and m-chains when m ≤ 6.
Introduction
For a = (a 1 , . . . , a m ) ∈ R The notations are that of [HR04] where it is emphasized how the union N In this paper, we present a few geometrical methods permitting us to describe in some cases the spaces C Section 1), this enables us to describe all the chain or polygon spaces in R d when m ≤ 6 (tables in Section 3).
Review of the classification results
The idea of the classification of the polygon and chain spaces goes back to [Wa85] . Details may be found in [HR04] .
∈J a i . Short subsets form, with inclusion, a poset S(a). Define S m (a) = {J ∈ S(a) | m ∈ J}. 
. It is well known that S(a) ≈ S(a ′ ) implies (ii) (see, e.g. [HK98, Proposition 2.2] or [HR04, Theorem 1.1]). We give however the variation of the proof to get the less classical (stronger) fact that
Let σ be the bijection of {1, . . . , m − 1} giving the poset isomorphism S m (a) (1) , . . . , a σ(m−1) , a m ). We can therefore suppose that S(a) = S(a ′ ) and σ = id. We claim that C 
and K(a ′ ) and the projection π : X → [a, a ′ ] has no critical point. One still has the map F : 
1.3. Walls and chambers. For J ⊂ {1, . . . , m}), let H J be the hyperplane (wall) of R m defined by
The union H(R m ) of all these walls determines a set Ch(
m whose union is the set of generic elements. Two generic elements a and a ′ are in the same chamber if and only if S(a) = S(a ′ ). We call Ch(a) the chamber of a generic element a. If α is a chamber, the poset S(a) is the same for all a ∈ α and is denoted by S(α). 
Observe that we then do not classify all the chain spaces C . . , A k of S m (α) which are maximal with respect to the order "֒→". Thus, the chamber α is determined by its genetic code; we write α = A 1 , . . . , A k and call the sets A i the genes of α. As, in this paper m ≤ 9, we abbreviate a subset A by the sequence of its digits, e.g. {6, 2, 1} = 621. In [HR04] , an algorithm is presented to list by their genetic codes all the elements of Ch(R m ր ) and then all the chambers up to permutation of the components. Tables for m ≤ 6 are given in [HR04] (and in Section 3 below); more tables, for m ≤ 9, may be found in [HRWeb] . The algorithm produces, in each chamber α, a representative a min (α) ∈ α; though this is not proved theoretically, a min (α) turned out in all known cases to have integral components a i and minimal a i . See examples in the tables below. is a conventional representative: it starts with a 0 followed by the components of a min (α). Example: as a min ( 3 ) = (1, 1, 1), then a min ( 3 + ) = a min ( 41 ) = (0, 1, 1, 1), a min ( 41 + ) = a min ( 521 ) = (0, 0, 1, 1, 1), etc. It has to be understood that these vanishing components stand for small enough positive real numbers, whose sum is less than 1.
where
Proof: Let a = (a 2 , . . . , a m ) ∈ α and a + = (ε, a 2 , . . . , a m ) ∈ α + . The map Φ is of the form (Φ 1 , Φ 2 ), where
⊥ , the orthogonal complement to the vector space EV(p, e 1 ) generated by p and e 1 . In particular, R e1 = id. The map p → R p is smooth. We shall apply that to p = p(z), where
We may suppose that ε < a m , so
The fact that (δ, a 2 , . . . , a m ) is generic when 0 < δ ≤ ε implies that
We can then use the canonical
constructed in the proof of Lemma 1.2 and define
, as easily seen on EV(p, e 1 ) and on EV(p, e 1 )
⊥ . This implies that φ 
In Part (a), Example 2.3. When m = 3, there is only one chamber α = 3 , with a min (α) = (1, 1, 1 
Remark 2.4. Let A = {m, m − 3, m − 2, . . . , 1}. We claim that α = A as above is the only chamber in R 
The manifold
V d (a). Let a ∈ R m >0 . Define V d (a) = {z = (z 1 , . . . , z m−1 ) ∈ m−1 i=1 S d−1 | m−1 i=1 a i z i = te 1 with t ≥ a m } . Let f : V d (a) → R defined by f (z) = −| m−1 i=1 a i z i |. The group O(d − 1) acts on V d (a(m − 2)(d − 1) − (m − 4)(d − 1) = 2(d − 1). Therefore, π i (C m d (a)) ≈ π i (V d (a)) for i ≤ 2d − 2 > d − 2.
Crossing walls and surgeries.
Proposition 2.9. Let J ⊂ {1, . . . , m}, defining the wall H J in R m . Let α and β be two chambers of R m , with Let
Consider the unique rotation
is not a positive multiple of e 1 when ρ ∈ N ε , thus R ρ is well defined). If ε is small enough, we check, as in [Ha89, Proof of Theorem 3.2] that the smooth maps φ − :
where (R d−1 ) n is endowed with the diagonal action of O(d − 1). One has φ(ρ 0 ) = 0. The subspaces As for Part 2, we have
The quotient space S 1 × D 2(m−3) by the action of SO (2) 
. This is not a very simple expression,
On the other hand, Part 2 of Proposition 2.10 is valid and we get
It was observed by D. Schütz that there are only three chambers α ∈ Ch(R m ր ) such that S m (α) contains A = {m, m − 3, m − 2, . . . , 2}. These are
Indeed, if A is short, then {m − 1, m − 2, 1} is long and one cannot add to A a gene containing 3 elements. As
, the chain and polygon spaces for α ′ and α ′′ may be obtain from the above using Proposition 2.10.
Example 2.12. The chamber {m, p} . For p ≥ 2, one has S m ( {m, p} ) = S m ( {m, p − 1} ) ∪ {m, p} and S m ( {m, 1} ) = S m ( m ) ∪ {m, 1}. Using Proposition 2.10 and Example 2.6, one sees that
Here, p times a manifold V means the connected sum of p copies of V (hence, a sphere if p = 0). A representative of {m, p} is given by
The tables of [HRWeb] show that, for m ≤ 9 (See Section 3 below for m ≤ 6), this representative is a min ( {m, p} ), except for p = 0, 1. As {m, 1} = m − 1 + , Proposition 2.2 gives the diffeomorphism
In the case m = 5, we get the two topological descriptions of the Hirzebruch surface (see, e.g. [MDS95, Ex. 6.4]).
Tables for m = 4, 5, 6
For any m, there is the "trivial" chamber , where a m is so long that the corresponding chain or polygon spaces are empty. When m = 4, Examples 2.6 and 2.3 give the remaining two chambers: 
Line 3 in Table B together with Equation (3), re-proves the classical fact that (S 2 × S 2 ) ♯ CP 2 is diffeomorphic to CP 2 ♯ 2 CP 2 .
When m = 6, there are 21 chambers. In order to save space, we did not give a min (α) (they can be found in [HR04, Table 6 ]). The first line of each block is obtained from § 2.1-2.3. Then, each line is obtained from the previous one by Proposition 2.10. 
